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ABSTRACT. Let SUx(r, 0) be the moduli space of semistable vector bundles of rank r 
and trivial determinant over a smooth, irreducible, complex projective curve X. The 
theta map 8 r : SUx (r, 0) — ¥ 1? N is the rational map defined by the ample generator of 
Pic SUx{r, 0). The main result of the paper is that r is generically injective if g » r 
and X is general. This partially answers the following conjecture proposed by Beauville: 
r is generically injective if X is not hyperelliptic. The proof relies on the study of the 
injectivity of the determinant map ds : A r H°(E) — » H°(detE), for a vector bundle Eon 
X, and on the reconstruction of the Grassmannian G(r, rm) from a natural multilinear 
form associated to it, defined in the paper as the Pliicker form. The method applies to 
other moduli spaces of vector bundles on a projective variety X. 

1. Introduction 

In this paper we introduce the elementary notion of Pliicker form of a pair (E, S), where 
E is a vector bundle of rank r on a smooth, irreducible, complex projective variety X 
and S C H (E) is a subspace of dimension rm. Then we apply this notion to the 
study of the moduli space SUx(r, 0) of semistable vector bundles of rank r and trivial 
determinant on a curve X. Let 

9 r : SU x {r,0) -> P(#°(£)*) 

be the so called theta map, defined by the ample generator C of Pic SUx(r, 0), [DNJ . 
Assume X has genus g, we prove the following main result: 

Main Theorem 9 r is generically injective if X is general and g » r. 

The theorem gives a partial answer to the following conjecture, or optimistic specula- 
tion, proposed by Beauville in [B2] 6.1: 

Speculation 9 r is generically injective if X is not hyperelliptic. 

To put in perspective our result we briefly recall some open problems on 9 r and some 
known results, see BB2| . A serious difficulty in the study of 9 r is represented by its 
indeterminacy locus, which is quite unknown. Raynaud bundles and few more con- 
structions provide examples of points in this locus when r >> 0, cf. (CGTJ and fR). 
In particular, there exists an integer r{X) > such that 9 r is not a morphism as soon 
as r > r(X). As a matter of fact related to this situation, some basic questions are still 
unsolved. For instance: 

o is 9 r generically finite onto its image for any curve X? 
o is 9 r an embedding ifr is very low and X is general? 
o compute r(g) := rain {r(X), X curve of genus g}. 

On the side of known results only the case r = 2 is well understood: 92 is an embedding 
unless X is hyperelliptic of genus g > 3, see [B1J, |BV1], |vGI]. Otherwise #2 is a finite 
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2:1 cover of its image, ||DR|| . For r = 3 it is conjectured that #3 is a morphism and this 
is proved for g < 3, see |B2| 6.2 and |B3| . To complete the picture of known results we 
have to mention the case of genus two. In this case 9 r is generically finite, see [B3l and 
|BV2J. Moreover it is a morphism iff r < 3, |Pa| . 

To prove our main theorem we apply a more general method, working in principle for 
more moduli spaces of vector bundles over a variety X of arbitrary dimension. Let us 
briefly describe it. 

Assume X is embedded in P n and consider a pair (E, S) such that: (i) E is a vector 
bundle of rank r on X, (ii) S is a subspace of dimension rm of H°(E), (iii) det E = 
Ox(i)- Under suitable stability conditions there exists a coarse moduli space S for 
(E, S), see for instance (Lj for an account of this theory. Let pi : X' m — > X be the i-th 
projection and let 

e s , E ■ S ® X m -> Pi*E 
i=X,...,m 

be the natural map induced by evaluating global sections. We will assume that e Ej s 
is generically an isomorphism for general pairs (E, S). For such a pair the degeneracy 
scheme B>e,s of e E) s is a divisor in X m , moreover 

E ,S €\ X m(l,...,l) I, 

where Ox m (l, •••,!) := P*Ox(l) ® • • • <%> p^OxO-)- In this paper D E ,s is defined as the 
Pliicker form of (E, S). The construction of the Plticker form of (E, S) defines a rational 
map 

Or,m '■ $ — H Ox m (l, • • • , 1) I, 

sending the moduli point of (E, S) to De,s- Assume X = G, where G is the Pliicker 
embedding of the Grassmannian G(r, rm). Then consider the pair (U*,H), where U is 
the universal bundle of G and H = H° (U* ) . In this case the Pliicker form of (U* , H) is 
the zero locus 

B G £| OGm(l,...,l) I 

of a natural multilinear form related to G. More precisely G is embedded in P(A r F), 
where V = H* , and D<g is the zero locus of the map 

d r ,m ■ (AT)™ -> A rm F ^ C, 

induced by the wedge product. In the first part of the paper we prove that G is uniquely 
reconstructed from as soon as m > 3. We prove that: 

Theorem Let m > 3 and Zef x G P(A r F), then x e G iff the following conditions hold true: 

(1) (x,...,x) G (P(A r F)) m is fl pomi of multiplicity m — lfor H)q, 

(2) Sing m _ 1 (D(G) /las tangent space of maximal dimension at (x, . . . , cc). 

It follows essentially from this result that the previous map 6> r m is generically injective, 
provided some suitable conditions are satisfied. 

Indeed let (E, S) be a pair as above and let g E ,s '■ X — s> G E ,s be the classifying map 
in the Grassmannian G e,s of r dimensional subspaces of S* . In section 4 we use the 
previous theorem to prove that: 

Theorem Q r>m is generically injective under the following assumptions: 

(1) Aut(X) is trivial and m > 3, 

(2) g E ^s is a morphism birational onto its image, 

(3) the determinant map d Et s '■ A r 5 — > H°(Ox(l)) is injective. 
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However the main emphasis of this paper is on the case where X C P ra is a general 
curve of genus g and has degree r(m + g — 1). Assuming this, we consider the 

moduli space S r of pairs (E, H°(E)), where E is a stable vector bundle of determinant 
O x (I) and ^(E) = 0. Let t be an r-root of O x {l), then S r is birational to 5C/x(r, 0) via 
the map 

a : S r SU x (r,0), 

sending the moduli point of (E, H°(E)) to the moduli point of E(—t). In the second 
half of the paper we prove that 

r ,m oo^ 1 = /3o9 r , 

where 9 r is the theta map of SUx(r, 0) and (3 is a rational map. Moreover we prove that 
the assumptions of the latter theorem are satisfied if X is general of genus g » r. Then- 
it follows that 6 r is genetically injective as soon as X is general of genus g >> r. 
This completes the description of the proof of the main theorem of this paper. It seems 
interesting to use Pliicker forms for further applications. 

2. Plucker forms 

Let V be a complex vector space of positive dimension rm and let A r V be the r-exterior 
power of V. On f\ r V we consider the multilinear form 

(1) d r , rn : (A r V) m -> A rm V ~ C, 
such that 

d r ,m{wi, . . . ,w m ) := Wl A ■ ■ ■ A w m . 
Notice that d r ^ m is symmetric if r is even and skew symmetric if r is odd. We fix m copies 
Vi, . . . , V m of V and the spaces P s := P(A r y s ), s = 1, . . . , m, of dimension N := ( r ™) - 1. 
Then we consider the Segre embedding 

PlX-xP m -> F (N+l)ra-l 

and its projections tt s : Pi x ■ ■ ■ x P m — > P s/ s = 1, . . . , m. The form d r m defines the 
following hyperplane section of Pi x • • • x P m : 

(2) D rj?n := {(v)!,. . .,w m ) £ Pi x ... x P m | d r)m (w u .. . ,w m ) = }. 
Definition 2.1. D r , m is the Plucker form of P( A r y) m . 

D rj?n is an element of the linear system | Op lX ... x p m (l, • • • , 1) |/ where 

Pl x...xP m (l, •..,!) = 7Ti*0 Pl (l) ... ® ^Op m (l). 

Let ei, . . . , e rm be a basis of F and let X be the set of all naturally ordered sets I := 
i\ < ■ ■ ■ < i r of integers in [1, rm]. We fix in A r Vs the basis 

(s) 

e) := A • • • A ej r , i" = ii < • • • < i r G x. 

Then any vector of A r T4 is of the form J^p^e^, where the coefficients p^f 1 are the 
standard Plucker coordinates on P s . This implies that 

d r , m ( Wl , ..., Wm )= ■ ■ - p^M? A • • • A e S: } 

7iU-U7 m ={l,...,rm} 

for each (toi, . . . , io m ) G (A 7 *!^)" 1 . Note that, to give a decomposition 

/iU-U/ m = {l,...,rm} 
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as above, is equivalent to give a permutation a : {1, . . . , rm} — > {1, . . . , rm} which is 
strictly increasing on each of the intervals 

Ui := [l,r], U 2 := [r + l,2r], . . . , U m := [(m - l)r + 1, mr]. 

Let V be the set of these permutations, then we conclude that 

d r ,m{wu • • • , w m ) = sgntypW^ ■ ■ ■ pjj^ei A • • • A e rm . 

Assume that w := (w\ , . . . , w m ) G (A r V) m is a vector defining the point o G Pi x ■ • • x P m , 
we want to compute the Taylor series of B rjm at o. Let t := (tx, . . . , t m ) G (A r y) m , then 
we have the identity 

d r , m (w 1 + et 1 ,...,w m + et m )= ^ d™~ k d r , m (t)e k . 

k=0...m 

We will say that the function 

d™- k d r ,m : (^V) m C, 

sending i to the coefficient d™~ k d rtm (t) of e fc , is the fc-i/z po/ar of d r ^ m at w, cf. 10. Let 
S := si < • • • < Sfe be a strictly increasing sequence of A; elements of M := {1, . . . , m}. 
We will put A; :=| 5 |. Moreover, for w = (w\,...,w m ) G (A r V) m , we define w s := 
w Sl A • • • A w Sk . Note that = d{w\, . . . , tt; m ) for each t.lim — k > 1 it turns out that 

(3) d™- k d r>m (t) = sgn{a s )w M _ s At s , 

\S\=k 

where as : M — > M is the permutation (1, . . . , m) — > (j\ , . . . , j m -fc, si, ■ ■ ■ , such that 
S = si < ■ ■ ■ < s k and ji < • • • < j m -k- 

Definition 2.2. Let W := A r V then 

q : P(W m ) ^Pix ... x P m 

is the rational map sending the point defined by the vector w = (wi, . . . , w m ) of W m to 
the m-tuple of points defined by the vectors w\, . . . , w m . 

Note that the pull-back of d r , m by q is a homogeneous polynomial 

q*d rtm G Sym m W* = H (O F(w) (m)). 

We mention, without its non difficult proof, the following result 

Proposition 2.3. d™~ k (d r ^ m ) is the k-th polar form at w of q*d r ^ m . 

Let 6 G F(W m ) be the point defined by w = (w\, . . . , w m ) and let o = q(6). For the 
tangent spaces to ¥(W m ) at 6 and to Pi x • • • x P m at o one has 

T r(wmh6 = W m /(w) 
T rix ... xrm>0 =W/( Wl )®---®W/( w m ). 
Moreover the tangent map 

dq d : W m /( w) — > W/( ) © ■ ■ ■ © W/{ w m ) 
is exactly the map sending 

(ti,...,t m ) mod(w)^(ti mod (wi ),..., i m mod ( w m }). 
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In particular we have 

Ker dq d = {(ciu?i, . . . , c m w m ), (ci,...,c m ) G C m }/(w). 

We can now use dqs to study some properties of Sing(D r ?n ) . We consider the fc-osculating 
tangent cone C k Q C X PiX ... xPm o to B r , m at o. 

Lemma 2.4. Keeping the above notations one has: 

(1) Sing fe (D rim ) = {o G D r , m | d™-*(d r , m ) = 0, i < k - 1 }. 

(2) C k D = dq 6 ({t G W m mod < «; ) | d™~ l (d r>m )(t) = 0, i < k}) 

Proof. By the previous description of dqs any one dimensional subspace I of Tp lX - xP m ,o 
is the isomorphic image by dq„ of the tangent space at 6 to an affine line 

Lt := {w + et | e G C} C F(W m ), 

for some t = (ti, . . . , t rn ) G W rn . On the other hand the pull-back of the Taylor series of 

B r:m to L t is 

d r , m (w + et)= 

i=0. ..m 

this implies (1) and (2). □ 

Let o G Pi x • • • x P m be the point defined by the vector (w±, . . . , w m ) and let v G 
7p lX - xP m ,o be a tangent vector to an arc of curve 

{wi + e h, . . . , w m + e t m , e G C}. 

Applying the lemma and the equality (3), it follows: 

Theorem 2.5. 

(i) o G Sing fc (D rim ) w s = 0, V5 G X, \ S \= m - k + 1. 

(ii) v z's tangent to Sing fe (D rim ) at o iff 

sfl , ^(o's)^5-{s} A £ s = 0, V5 G X, | S 1 |= m — k + 1, 

where a s is the permutation of S shifting s to the bottom and keeping the natural order in S — s. 

Proof, (i) By Lemma 2.4 (1), o G Sing fe (B rim ) iff the z-th polar d l w (d r>m ) is zero fori < k— 1. 
This is equivalent to ^5 = for | 5 | = m — fc + 1. (ii) As above, consider a tangent vector 
v at o to the arc of curve {w\ + e t±, . . . , w m + e t m , e G C}. By lemma 2.4 (2), v is tangent 
to Sing^B^m) at o iff the coefficient of e in (w + et)s is zero, V | S \= m — k + 1. This is 
equivalent to the condition YlseS s 9 n ( cr s)ws-{ s } A t s = 0, V5 G X, | 5 |= m — k + 1. □ 

Corollary 2.6. Tfe Plucker form B rj?n /jas no pomf of multiplicity > m. 

Proof. Assume B> r ,m has multiplicity > m at o. Then ^5 = 0, V5 with |5| = 1. This 
means wi = ■ ■ ■ = w m = 0, which is impossible. □ 

We are specially interested to the behaviour of B rjm along its intersection with the diag- 
onal 

(4) AcPiX-xP m cP (M+1)m ' 1 . 
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We recall that A spans the projectivized space of the symmetric tensors of {A T V)® m . 
Moreover, A is the m-Veronese embedding of P( A r V) . If r is odd d r ^ m is skew symmetric 
and D r , m contains A. If r is even then 

B r , m • A 

is an interesting hypersurface of degree m in the projective space A. 
Applying Theorem 2.5 to a point o in the diagonal, we have: 

Corollary 2.7. Let o G A. Then: 

(i) o G Sing fe (B r , m ) w Am - fe+1 = 0; 

(ii) v G T Singfe(Dr m)j0 if and only if 

sgn{a s )w A(m ~ k) A tj = 0, V5 G I, | 5 |= m - k + 1. 

Remark 2.8. Let o G A be as above, it follows from the corollary that: 

o G A n Sing m _ 1 (B rim ) w A w = 0. 
It is easy to see that A C Sing m _ 1 (B r m ) if r is odd. Let r be even then 

G C AnSing^O^), 

where G is the Pliicker embedding in A = P(A r V) of the Grassmannian G{r, V). How- 
ever it is not true that the equality holds in the latter case. In fact the equation w A w = 
defines G if and only if r = 2, see IHalf. 

3. Plucker forms and Grassmannians 

In this section we will keep the notation G for the Plucker embedding of G(r, V). 
Our purpose is now to show that G is uniquely reconstructed from B r m and the diago- 
nal A. More precisely we will show the following: 

Theorem 3.1. Let m > 3, then 

G = {o G A n Sing m _ 1 (B r>m ) | dim 2smg m _ 1 (]u r m ),o ^ maximal.} 

For the proof we need some preparation. The following result of linear algebra will be 
useful: let E be a vector space of dimension d and let w G A r E be a non zero vector. 
Consider the linear map 

/4 : A S E -> A r+S E 

sending t tow At. We have: 

Proposition 3.2. Let d — 2r > s, then n s w has rank > ( d ~ r ) and the equality holds if and only 
if the vector w is decomposable. 

Proof. We fix, with the previous notations, a basis {ei, . . . , e^} of E and the correspond- 
ing basis {ej,I = i\ < ■ ■ ■ < i r } of A r E. Lete/ := eiA- • -Ae r so that Jo = 1 < 2 < • • • < r. 
Since w is non zero we can assume that w = e/ + Yli^i a-i^i- Let W~,W + be the sub- 
spaces of E respectively generated by {ei, . . . , e r } and {e r+ i, . . . , e^}. Then we have the 
direct sum decomposition 

A r+S E = E + ®E~, 
6 



where E + and E are defined as follows: 

E+ = {e Io An, u G A¥ + ) and E~ = { ^ e* A «j, «j G A r+S ^£}. 

i=l ,...,r 

Let p + : A r+S E — >■ i? + be the projection map. Since to = ej + ]Ci^7o a/ e// * ne ma P 

(p + o,4) W+ :AW+^ 
is just the map u — > ej A ii, in particular it is an isomorphism. This implies that 

( d — s N 

rank [i s w > rank (p r o u^,) = dim A s W + 

Let u> be decomposable, then there is no restriction to assume w = ej a and it follows 
dim Im = ( d ~ r ) . Now let's assume that w is not decomposable. To complete the proof 
it suffices to show that, in this case, 

(5) dim Im fi s w > 



r 

By the above remarks fi s w is injective on A S W + . Hence the inequality (5) holds iff 

(6) ^(A s W+)^Irn/C 

On the other hand p + o ji s w : A r W + — > E + is an isomorphism and dim A s W + = ( d ~ r )- 
Therefore inequality (6) is satisfied iff there exists a vector r G A r+S E such that 

(7) ^ t G Im /4, n Ker p + . 
So, to complete the proof, it remains to show the following: 

Claim Let d — 2r > s and w be not decomposable. Then there exists a vector r as above. 

Proof By induction on s. If s = 1 we have dim Im ^ > d — r. It is proved in (Gl 
Prop. 6.27, that the strict inequality holds iff w is not decomposable. Hence we have 
dim Im ^ > d — r and there exists a non zero r G Im n Ker p + . 
Now assume that r G Im is a non zero vector satisfying the induction hypothesis. 
Let N = {v G E \ r A v = 0}. Then N is the Kernel of the map \x\ : E -> A r+S ~ 1 E and, 
by the first part of the proof, dim N < r + s — 1 . Since we are assuming s + r < d — r, it 
follows that we can find a vector e& G {ei, . . . , e^} such that 

(8) e/c A e\ A ■ ■ ■ A e r / and e k iV. 
Then for such a vector we have 

/ e fc A r = ^b,je k A e J} \J\ = r + s-l, I <£{JUk} 
and, moreover, ek At e Im/i^. Hence the claim follows. □ 

From now on we will assume m > 3. Moreover we identify A r F to its image via the 
diagonal embedding 

5 : A r V ^ (A r V) m , 

sending w to 5(w) := (w, . . . , w). Let o £ Abe the point defined by w = (w, . . . , w). 
From Corollary 2.7 (i), we have that 

A n Sing^^D^) = {o G A | w A w = 0}. 



Moreover let (ti,..., t m ) G (A r V) m , and let v be a tangent vector at o to 

{(w + et 1 ,...,w + et m ), e G C} C Pi x ••• x P m , 
it follows from Corollary 2.7 that v is tangent to Sing m _ 1 (B rjm ) at o iff 

w A tj + ti A w = 0, 1 < i < j < m, 
in the vector space A 2r V. Let 

: (A r F) m -> (A r y/( w )) m 
be the natural quotient map, where (A r V/ ( w )) m = T p .. xPm>0 - Consider 

T D := {(ti,...,t m ) G (A r V) m | wAt i +t 1 Aw = 0, 1 < i < j < m} 
and note that, by the latter remark, one has 

^ (^Sing m _ 1 (D r , m ),o) _ ^O- 

For any point oG An Sing m _ 1 (D J . jm ) we define 

(9) c = codimension of T a . ,„ , in T„ v vP , 

Since is surjective, it is clear that c Q is the codimension of T Q in (A r y) m . 

Lemma 3.3. Let c Q be as above and let B := ( ( - m ~ 1 - )r ), then 

(i) c D > mi? ifr is even and m > 3, 

(ii) c > (m — 1)S if r is odd and m > 3, 
(hi) c = m — 1 if m < 2. 

Moreover the equality holds in (i) and (ii) iff 'w is a decomposable vector. 

Proof. Let w ± C A r V be the orthogonal space of w = (w, . . . , w) with respect to the 
bilinear form 

A : A r V x A r V -> A 2r V. 
Moreover let iV c (A r V r ) m be the subspace defined by the equations 

{-Ifti + tj = 0, 1 < i < j < m. 

It is easy to check that 

T Q = N+ [w^r. 

Let m > 3 then N is the diagonal subspace if r is odd and N = (0) if r is even. By 
Proposition 3.2, we have that codim iw 1 - > B and moreover the equality holds iff w is a 
decomposable vector. This implies (i), (ii) and the latter statement. Let m < 2 then N is 
either the diagonal subspace or the space of pairs (t, —t), t G A r V. Arguing as above it 
follows that c = (m — 1)-B, i.e. c G = m — 1. This completes the proof. □ 

Proof of Theorem 3.1 

The proof is now immediate: let o G A n Sing m _ 1 (BV )m ). It is obvious that the codimen- 
sion c is minimal iff dim r Sing m m ), is maximal. Assume m > 3, by Lemma 3.3 c Q 
is minimal iff o G G. □ 



Keeping our usual notations we have 



C Pi x • • • x P m C 



where the latter inclusion is the Segre embedding and G is the previous Pliicker em- 
bedding. The restriction of IDV im to G m has a geometric interpretation given in the next 
lemma. 

Let o = (wi, . . . , w m ) G G m . Then we have w s := v[ s ^ A - • • Avi s \ where v[ s \ . . . , G F s 
and s = 1, . . . , m. In particular u> s is a decomposable vector, so it defines a point l s in G. 
The vector space corresponding to l s is generated by the basis vf,...,v^. We will denote 
its projectivization by L s . 

Lemma 3.4. The following conditions are equivalent: 

(i) O G O^m/ 

(ii) to i A • • • A w m = 0, 

(iii) {vj}, 1 < i < r, 1 < j < m, is not a basis ofV, 

(iv) there exists a hyperplane in P(V) containing L\ U • • • U L m . 

Proof. Immediate. □ 

Lemma 3.5. D riTn cwfs on G m am integral hyperplane section. 
Proof. Consider the correspondence 

/ = {(/!,. . . , l m , H) G G m x P(F*) I Li U • • • U L m C H}, 

and its projections p\ : I — > G m and p2 ■ I -> P(V*). Note that the fibre of ^2 at any i7 
is the product of Grassmannians of r — 1 spaces in H, which is irreducible. Hence / is 
irreducible. On the other hand we have pi(I) = D r ,m n G' m by Lemma 3.4 (iv). Hence 
the latter intersection is irreducible. Since OG m (l) is not divisible in Pic(G m ), it follows 
that B rjm • G m is integral. □ 

On G we consider the universal bundle U r . We recall that U r is uniquely defined by its 
Chern classes, unless m = 2. Let I G G and let L c F(V) be the space corresponding 
to I. Then the fibre of U* r at / is H (O L (l)), moreover H°(U r *) = V* = H°(O p{v) {1)). 
Let ir s : G m — >■ G be the projection onto the s-th factor. On G m we consider the vector 
bundle of rank rm 

T: = ttX. 

s=l,...,m 

For any point o = . . . , l m ) G G m , we have 

T = (U* r ) h © .. © (U;.) lm = H°(0 Ll (l)) © ... © H\0 Lm {\)). 
In particular the natural evaluation map 
(10) ev m : V* © Gm -> J", 

is a morphism of vector bundles of the same rank rm. 
Definition 3.6. Dg is the degeneracy locus of ev m . 

Theorem 3.7. D G = D rim • G m . 

Proof. Let o = (Zi, . . . , l m ) G G m , then ef™ is the natural restriction map 

H°(O nv) (l)) ^(0^(1)) © © ^°(OL m (l)). 

Note that ev™ is an isomorphism iff L\ U • • • U L m is not in a hyperplane of P(V). This 
implies that Bg is a divisor. Moreover Dg = B rjTn n G m by Lemma 3.4 and Bg G 
|O g -(1,..,1)|. Hence B G = B r , m -G m . ' □ 
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4. Plucker forms and moduli of vector bundles 

In this section we consider any integral, smooth projective variety X C P n of dimension 
d > 1. We assume that X is linearly normal and not degenerate. 

Definition 4.1. (E, S) is a good pair on X if 

(i) E is a vector bundle of rank r on X, 

(ii) det£ =0 X (1), 

(iii) S C H°(E) is a subspace of dimension rm, 

(iv) E is globally generated by S, 

(v) the classifying map of (E, S) is a morphism birational onto its image. 
Given (E, S) we have the dual space V := S* and its Plucker form 

L\, m C P(AT) m . 
We want to use it. Let us fix preliminarily some further notations: 
Definition 4.2. 

(i) Ge,s is the Plucker embedding of the Grassmannian G(r, V), 

(ii) U E s is the universal bundle of Ge,s, 

(iii) d E S : A r S — Y H°(Ox(l)) is the standard determinant map, 

(iv) X es : P n P(A r y) is the projectivized dual of d E S , 

(v) g E s : X — > Ge,s is the classifying map defined by S. 

We recall that g E s associates to x G X the parameter point of the space Im ev*, where 
ev : S <g) Ox — > E is the evaluation map. It is well known that g E s is defined by the 
subspace Im ds,s of H°(Ox(l)), in particular 

9e,S ~ ^E,S\ x ' 

Since E is globally generated by S and gE,s is a birational morphism, the next three 
lemmas describe standard properties. 

Lemma 4.3. One has E = X* U* and S = X* H°(U* ) for any good pair (E,S). 

E,S E,S E,S E,S 

We say that the good pairs (E\,S\), (-E^,^) are isomorphic if there exists an isomor- 
phism u : Ei — >■ E 2 such that u*S± = S*2. 

Lemma 4.4. Let (Ei,Si) and (E2, S2) be good pairs. Then the following conditions are equiv- 
alent: 

(i) d E s = d E2 Sa o (A r a)for some isomorphism a : Si — > S2. 

(ii) f*Ei = E 2 and f*S± = S2 for some automorphism f € Aut(X). 

Proof, (i) =^ (ii) The projectivized dual of A r a induces an isomorphism a : Ge 2 ,S 2 ~* 
Gei_,Si such that gE 1: Si = o,og E , 2 g 2 . On the other hand, g E , s . : X — >■ G B s . isamorphism 
birational onto its image for i = 1,2. Hence a lifts to an automorphism / : X — > X with 
the required properties, (ii) => (i) It suffices to put a = f*. □ 

Let pi : X m — s> X be the projection onto the i-th factor of X m . Then 

: S ® Xm -> p*E := 5 

i=l,...,m 
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is the morphism defined as follows. Let U C X m be open, we observe that 5(U) = 
E(U) m . Then we define the map ev E S (U) : S — > E(U) m as the natural restriction map. 
Since ev E s is a morphism of vector bundles of the same rank, its degeneracy locus is 
either X m or a divisor 

D BiS G |Ox-(l,-,l)|. 

Definition 4.5. We will say that the divisor D B g is the determinant divisor, or the 
Pliicker form, of the pair (E, S). 

If the previous locus is X m we will say that (E, S) has no Pliicker form. 

Lemma 4.6. Let (Ei, S±) and (E 2 , S 2 ) be isomorphic good pairs. Then Oe 2 ,s 2 = ^>E lt Si- 

Proof. Let u : Ei — > E 2 be an isomorphism such that u*S 2 = S±. Then, by taking 
the pull back of u to ev E s : Si ® Ox ->■ £i, we obtain et> B2 g . This implies that 

Remark 4.7. Note that De,5 contains the multidiagonal A m , i.e. the set of all the points 
(xi, . . . , x m ) G X m such that Xj = Xj for some distinct i,j G {1, . . . , m}. Moreover, A m 
is a divisor in X m iff dim X = 1. In this case D B g is reducible: 

Proposition 4.8. Assume f/z«t X is a curve, then 

D EiS = (r + e)A m + D; s . 

where e > flnrf f/re support of the divisor D* is the Zariski closure of the set 

{(x 1 ,..,x m )GX m -A m |3 S G,S s( Xi ) = 0, i = l,..,m.} 

Proof. Let x = (xi , . . . , x m ) G A m . Then ev E s has rank < rm — r at x. This implies that x 
is a point of multiplicity > r of the determinant divisor H) E s . Hence A m is a component 
of D B g of multiplicity > r. This implies the statement. □ 

Actually, e = if E is a general semistable vector bundle on the curve X. It is enough 
to verify this property in the case E = L® r and S = H°(E), where L is a general line 
bundle on X of degree m + g — 1. In this case the Pliicker form of S 1 ) is indeed r 
times the Pliicker form of (L, H°(L)). 

It is also non difficult to compute that U>e,s ~ r A m is numerically equivalent to a*rQ, 
where a : X m -> Pic m (X) is the natural Abel map and 6 C Pic m (X) is a theta divisor. 
Finally we consider the commutative diagram 

g m 

E ,S 



A" 

where the vertical arrows are the inclusion maps. 

Lemma 4.9. Let be the Pliicker form of a good pair (E, S), then 

B B , s = (A™ s )*B r , m . 

Proof. Lifting by g E l s the map ev m : V <£> 0& e ->■ i=1 m vr*W* g , one obtains the 
map ev E S : S Ox™ -> 0j=i m P*-^- From the commutativity of the above diagram 
it follows that D B>g = (A^ s )*D r ',' m = G$ )S )*B 6Bifl . □ 
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To a good pair (E, S) we have associated its Plticker form O e s . Now we want to prove 
that, under suitable assumptions, a good pair (E, S) is uniquely reconstructed from 
B B s . To this purpose we define the following projective variety in the ambient space 
P n ofX. 

Definition 4.10. T E s is the closure of the set of points x e P" such that: 

(i) B B g has multiplicity m — 1 at the point o = (x, . . . , x) G (P n ) m , 

(ii) the tangent space to Sing(B B s ) at o has maximal dimension. 

Theorem 4.11. Assume that d E s is injective and m > 3. Then: 

(i) T E s is a cone in P n with directrix the Grassmannian G E s , 

(ii) the vertex of the cone T E s is the center of the projection X e . 

Proof Since X E s is the projective dual of d E s , the tensor product map 

df™ : (A r S)® m -> H°{O x {l)T m 
is precisely the pull-back map 

(A- fl )* : H (O (nA r V))m (l, . . . , 1)) -> H (O {pn)m (l, 1)). 

Moreover it is injective. Let F € H (O(e( A r V ^m (1, . . . , 1)) be the polynomial of multide- 
gree (1, . . . , 1) defining D r>m . Then we can choose coordinates on (F(/\ r V)) m and (p n ) m 
so that df^(F) = F. Assume that s is a morphism at the point o G (P n ) m , then it 
follows that: 

(a) A™» G Sing^^D^) ff/o G Sing m _ 1 (H>e,s), 

(b) f/ie codimension is equal for the tangent spaces to Sing m _ 1 (D r>m ) at A™ g (o) and to Sing^^B^s) 
at o. 

Assume that o = (x, . . . , x) is a diagonal point in (P n ) m . Then x G T^s iff o satisfies (i) 
and (ii) in Definition 4.10. By (a) and (b), conditions (i) and (ii) hold true for o iff they 
hold true for A™ s (o) as a point of B r m . Finally, by Theorem 3.1, X E s (o) satisfies (i) and 
(ii) iff x belongs to the Grassmannian Ge,s- Hence Te,s is a cone over Ge,s with vertex 
the center of A^ ^. □ 

We are now able to show the main result of the current section. 

Theorem 4.12. Let (Ei,S±) and (E 2 , £2) be good pairs defining the same Plticker form B c 
(P n ) m . Assume that m > 3 and d E . s , is injective for any i = 1,2, then there exists f G 
Aut(X) such that f*E 2 = E x and f*S% = Si- 

Proof. Let T be the closure of the set of diagonal points 0= (x, . . . , x) G B of multiplicity 
m — 1 and tangent space T Sin „ i \ of maximal dimension. By Theorem 4.11, T is a 

cone in P": its directrix is the Grassmannian G„ „ and its vertex is the center of the 
projection A B s ., both for i = 1 and i = 2. Since the projection maps X E _ s . have the 
same center, there exist an isomorphism a : G E2 Sa — > G Ei Si such that A Ei Sj = cro A B2 Sa . 
Since m > 3, then a = A r a* for an isomorphism a: Si — > S2, see flHalfl p. 122. Then, 
applying Lemma 4.4, it follows f*E 1 = E 2 and = S 2 for some / G Aut(X). □ 

To conclude this section we briefly summarize, in a general statement, how to deduce 
from the previous results the generic injectivity of some natural maps, defined on a 
moduli space of good pairs as above. Therefore we assume that a coarse moduli space 
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S exists for the family of good pairs (E, S) under consideration. This is, for instance 
the case when E is stable with respect to the polarization 0x(l) and S = H°(E). Then 
there exists a natural map 

Qr,m ■ <S ~H Ox m (l, • • • , 1) | 

sending the moduli point of (E, S) to its determinant divisor B E s . Let (Ei,Si) and 
(E2, S2) be good pairs as above defining two general points of S. Assume that B^ li 5 1 = 
Be 2 ,S2 - Then we know from Theorem 4.12 that then (Ei,Si) and (E 2 , S2) are isomorphic 
if m> 3, Aut(X) = land 

d Ei , Si ■ A^^iT°(e> x (l)). 
is injective. This implies the next statement: 

Theorem 4.13. Let m > 3 and Aut(X) = 1. Assume d E s : A r S -)• H°(O x (l)) is injective 
for good pairs (E, S) with moduli in a dense open subset ofS. Then 6* r , m is generically injective. 

5. Plucker forms and the theta map of SU x {r, 0) 

Now we apply the preceding arguments to study the theta map of the moduli space 
SUx(r, 0) of semistable vector bundles of rank r and trivial determinant over a curve 
X of genus g > 2. By definition the theta map 

9 r :SU x (r,0) -+ P(#°(£)*) 

is just the rational map defined by the ample generator C of SUx(r, 0). We prove our 
main result: 

Theorem 5.1. Let X be general and g » r, then 6 r is generically injective. 

To prove the theorem we need some preparation. At first we replace the space SUx {r, 0) 
by a suitable translate of it, namely the moduli space 

of semistable vector bundles E on X having rank r and fixed determinant Ox(l) of 
degree r(m + g — 1). We assume that X has general moduli and that O x {l) is general 
in Pic r ^ m+y ^ 1 \X), with m > 3 and r > 2. In particular O x (l) is very ample: we also 
assume that X is embedded in P n by Ox(l)- 

We recall that S r is biregular to SUx(r, 0), the biregular map being induced by tensor 
product with an r-th root of O x (— 1). 

Proposition 5.2. Let E be a semistable vector bundle on X with general moduli in S r . Then: 

(i) h°(E) = rm and (E, H°(E)) is a good pair, 

(ii) the Plucker form of(E, H°(E)) exists. 

Proof, (i) It suffices to produce one semistable vector bundle E on X, of degree r(m + 
g — 1) and rank r, such that h°(E) = rm and (E, H°(E)) is a good pair in the sense of 
Definition 4.1. Then the statement follows because the conditions defining a good pair 
are open. Let L e Pic m+9_1 (A) be general, then h°(L) = m and L is globally generated. 
Since m > 3, L defines a morphism birational onto its image 

/ : X -»• F(H°(L)*). 
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Putting E := L® r we have a globally generated, semistable vector bundle such that 
h°(E) = rm. Hence, to prove that (E, H°(E)) is a good pair, it remains to show that its 
classifying map 

g E :X^G E : =G(r,H (E)*) 

is birational onto its image. We observe that H°(E) = H \ ® ■ ■ ■ ® H r , where Hi is just a 
copy of H°(L), i = 1, . . . , r. Let fa: X f(H*) be the corresponding copy of /, for any 
i = !,■■■ ,r. Then g E : X -> G E can be described as follows: let F(E*) c ¥(H°(E)*) 
be the linear embedding induced by the evaluation map, it turns out that P(-EJ) is the 
linear span of fi(x), . . . , f r (x). This implies that g E = u o (f x x • • • x f r ), where 

u : P(Hl) x ••• x P(fl- r *) -> 

is the rational map sending (yi, . . . , y r ) to the linear span of the points y» G ~P(H*) C 
P(i/°(i?)*), i = 1, . . . , r. Since / is birational onto its image, the same is true for the map 
fx x • • • x f r . Moreover u is clearly birational onto its image. Hence g E is birational onto 
its image. Finally g E is a morphism, since L® r is globally generated. This completes the 
proof of (i). 

(ii) Again it suffices to produce one good pair (E, H°(E)) with the required property. It 
is easy to see that this is the case if E = L® r as in (i). □ 

Now we consider the rational map 

sending the moduli point [E] G S r of a general to the Plticker form 

B E e\ O x (l,...,l) | 

of the pair (E, H°(E)). Let t G Pic m+9_1 (X) be an r-root of O x (l), then we have a map 

a t :X m ^Pic 9 - 1 (X) 

sending (xi, . . . , x m ) to Ox(t — x\ — ■ ■ ■ — x m ). It is just the natural Abel map a: X m — s> 
Pic m (X), multiplied by —1 and composed with the tensor product by t. Fixing a Poincare 
bundle V on X x Pic^pO we have the sheaf 

R 1 q 2 *{q* 1 E(-t)®V), 

where qi, q 2 are the natural projection maps of X x Pic 9 ^ 1 (X). It is well known the 
support of this sheaf is either Pic g ^ 1 (X) or a Cartier divisor ®e, see [BNRJ. Moreover, 
due to the choice of t, one has 

& E G| r9 |, 

where © := {iV G Pic 9_1 (X) | h°(N) > 1} is the natural theta divisor of Pic 9-1 (X). In 
particular, one has h°(E ® N(-t)) = h l {E® N(-t)) so that 

Supp @ E = {Ne Pic 9-1 (X) | h°(E®N(-t)) > 1}. 

Finally, it is well known that there exists a suitable identification 

| rG |=P(#°(£)*) 

such that r ([E]) = @e, [BNRJ. Computing Chern classes it follows 

a ;@ E + rA m G| O x ™(l,...,l) I 

14 



where A m C X m is the multidiagonal divisor. On the other hand, r A m is a component 
of H>e by Proposition 4.8. Moreover, it follows from the definition of determinant divisor 
that O e contains a^ 1 (0£;). Therefore we have 

(11) a* t Q E + rA m = B E . 

Let a :\ rQ Ox m (l, ••-,!) | be the linear map sending D €| rB | to ajfD + rA m . We 
conclude from the latter equality that 

Proposition 5.3. 6 r ^ m factors through the theta map 9 r , that is 6 rtTn = a o 9 r . 
Proof of Theorem 5.1. 

Let 9 r . m : S r ->| ■■-,!) | be as above. We have Aut(X) = 1 and m > 3. We 

know that (E, H°(E)) is a good pair if [E] <G 5 r is general and that 9 r ^ m factors through 
the theta map 9 r . Theorem 4.13 says that 9 r . m is generically injective if (E, H°(E)) is a 
good pair and the determinant map 

d E :A r H°(E)^H°(O x (l)) 

is injective for a general [E]. This is proved in the next section. □ 

6. The injectivity of the determinant map 

Let (X, E) be a pair such that X is a smooth irreducible curve of genus g and E is a 
semistable vector bundle of rank r on X and degree r(g — 1 + m), with m > 3. If E is a 
general semistable vector bundle on X, it follows that: 

(i) (E, H°(E)) is a good pair, 

(ii) its Pliickerform exists. 

(see Definition 4.1 and Proposition 5.2). It is therefore clear that the previous conditions 
are satisfied on a dense open set U of the moduli space of (A", E). 
Assumption: From now on we will assume that (X, E) defines a point of U, so that X is 
a general curve of genus g and E is semistable and satisfies (i) and (ii). 

In this section we prove the following result: 

Theorem 6.1. Let X and E he sufficiently general and g » r, then: 

(i) the determinant map d E ■ A r H°(E) — v H°(det E) is injective, 

(ii) the classifying map g E : X —■ G E is an embedding. 

Since m > 3, det E := Ox(l) is very ample. So we will assume as usual that the curve 
X is embedded in P n = F(H°(O x (l))*). Let us also recall that 

G E c p(T)- 1 

denotes the Pliicker embedding of the Grassmannian G(r, H°(E)*). Let 

\ E : P n -> p(T)- 1 

be the projectivized dual of d E . We have already remarked in section 4 that g E is just 
the restriction \ E \ x . This immediately implies that 

Lemma 6.2. d E is injective \ E is surjective <^ the curve gE{X) spans the Pliicker space 

p(T)-i. 
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Since (E, H°(E)) is a good pair, g E : X — >• gE{X) is a birational morphism. Let 

be the linear span of g E {X). Then the previous Theorem 6.1 is an immediate conse- 
quence of the following one: 

Theorem 6.3. For a general pair (X, E) as above gE is an embedding and 

dim (g E (X) ) > r(m-\) + g. 

In other words, the statement says that g E is an embedding and that dE has rank > 
r(m — 1) + g. This theorem and the previous lemma imply that: 

Corollary 6.4. For a general (X, E), dE is injective if g > ( r ™) — r(m — 1) — 1. 

Hence the proof of Theorem 6.1 also follows. 

Proof of Theorem 6.3. 

To prove the theorem, hence Theorem 6.1, we observe that the moduli space of all pairs 
(X, E) is an integral, quasi-projective variety defined over the moduli space M. g of X. 
On the other hand, the conditions in the statement of the theorem are open. Therefore, 
it suffices to construct one pair (X, E) such that E is semistable, h°(E) = rm and these 
conditions are satisfied. We will construct such a pair by induction on the genus 

g>o 

of X. For g = we have X = F 1 and E = O p i (m - l) r . 

Lemma 6.5. Let X = P 1 and E = O f i (m — l) r , with m>2. Then dE is surjective and gE is 
an embedding. 

Proof. The proof of the surjectivity of dE is standard. It also follows from the results in 
[T]. In order to deduce that gE is an embedding recall that gE is defined by Im d E , hence 
by the complete linear system | Opi (r(m — 1)) |. □ 

Now we assume by induction that the statement is true for g and prove it for g + 1. 
Let (X, E) be a general pair such that X has genus g. We recall that then X is a general 
curve of genus g and (E, H°(E)) is a good pair admitting a Pliicker form. 
By induction gE is an embedding and dim ( g E {X) ) > r(m - 1) + g. We need to prove 
various lemmas. 

Lemma 6.6. The evaluation map ev x , y : H°(E) — > E x ®E y is surjective for general x, y e X. 

Proof. If not we would have h°(E(—x — y)) > h°(E) — 2r = r{m — 2), for any pair (x,y) € 

X 2 . This implies that h°(E(-x - y - z\ z m - 2 )) > 1, V (x, y, z±, . . . , z m - 2 ) G X m 

and hence that (E, H°(E)) has no Pliicker form. But then, by Proposition 5.2 (ii), (X, E) 
is not general: a contradiction. □ 

From now on we put 

C:=g E (X). 

Choosing x, y so that ev XtV is surjective, we have a linear embedding 

E*®E* C H°(E)* 
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induced by the dual map ev* y . This induces an inclusion of Pliicker spaces 

F ( 2 ;)-i := P(A r (£* © E*)) C P(T)- 1 := p( A r H Q {E)*) 
and of their corresponding Grassmannians 

G x , y :=G(r, (E* x © £*)) C G E . 

Lemma 6.7. Assume (C ) is a proper subspace of the Pliicker space o/Gg. Let x, y be general 
points of X. Then ( G XtV ) is not in (C ). 

Proof. For a general x G X consider the linear map ir : H°(E)* — >■ H°(E(—x))* dual to 
the inclusion H°(E(—x)) C H°(E). It induces a surjective linear projection 

A r 7r : F{A r H°{E)*) -)■ P(A r tf 

with center the linear span ( <r } of a := {L G Ge | dim(L n E*) > 1}. In particular A r -ir 
restricts to a rational map between Grassmannians 

/ : Ge -> G B (_ X ), 

where G £( _ :r) := G(r, # (£(-x))*) ~ G(r, (m - l)r). Let I e G £ be the parameter 
point of the space L, then /(Z) is the parameter point of n(L). Clearly / is defined at 
I iff L n E* = 0. Moreover, the closure of the fibre of / at f(l) is the Grassmannian 
G(r, L © E*). In particular, the closure of the fibre at f(y) is G XjJ// for a general y € X. 
We distinguish two cases: 

(1) f(C) spans the Pliicker space ofG E (_ x y Since / = A r 7r G ^ and A r 7r is linear, it follows 
that Uj/gc( ^x,y } spans the Pliicker space of G^. Since ( C } is proper in it, we conclude 
that ( G X:V } is not in ( C ) for some y, hence for general points x, y G X. 

(2) /(C) does not span £/ze Pliicker space o/Ge(- x )- Since the Pliicker form of (E, H°(E)) 
exists and m > 3, we can fix x, y, z\ . . . z m -2 G X so that h°(E(—x — y — z)) = 0, where 
z ■= Zl + ... + z m „ 2 - Then we have H°(E(-x)) nH°(E(-y - z)) = in H°(E). Putting 
E* := E* Z1 © • • • © E*., it follows that 

is an isomorphism, that is, A t tt induces the following isomorphism of projective spaces: 

i yy . n^\E;® E *)) ^ n^ r H\E(-x)r). 

On the other hand, F(A r (E* © E*)) is spanned by the union of its natural linear sub- 
spaces {G y , Zi ) = ¥(A r (E* © E*.)), i = l,..,m- 2. Since ( f(C) ) is a proper subspace of 
F(A r H°(E(-x))*), it follows that {G VtZi ) is not in ( C }, for some i = 1, .., m - 2. □ 

Now we assume that ( C ) is a proper subspace of the Pliicker space of G^ and fix gen- 
eral points x, y G X so that the conditions of the previous lemma are satisfied. Keep- 
ing the previous notations let P C W rm ^ 1 be the tautological image of F(E*) and let 
P z := F(E*), z G X. We observe that the Grassmannian G x;y is ruled by smooth ratio- 
nal normal curves of degree r passing through x and y. More precisely, let 

¥ 2r - 1 := ¥(E* X © E*) 

and for t G G x>y let 

P t C F 2r_1 C P rm_1 
be the projectivized space corresponding to t. We have: 
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Lemma 6.8. For a general t G G x>y there exists a unique Segre product S := P x P r 1 such 
that P X U P y U P t C S CP 2 ''" 1 . Moreover: 

(i) the ruling of S is parametrized by a degree r rational normal curve 



(ii) the universal bundle U r ofGE restricts to Opi (— l)® r on R, 

(iii) the restriction map H°(U*) — > H°(Opi(l)) er ) is surjective. 

Proof. Since x, y are general in X, Lemma 6.6 implies that P x n P y = 0. Since t is general 
in G X) y, we have Pt fl P x = Pt n P y = 0. It is a standard fact that the union of all lines in 
P 2 *"" 1 meeting P x , P y and P t is the Segre embedding S C P 2r_1 of the product P 1 x P r_1 , 
which is actually the unique Segre variety containing the above linear spaces, see [Hal J, 
p.26, 2.12. It is also well known that S is the tautological image of the projective bundle 
associated to Opi (l)® r , see |Ha2|l . Therefore, the map assigning to each point p G P 1 the 
fiber of S over p is the classifying map of Opi(l)® r . So it defines an embedding of P 1 
into the Grassmannian G x y , whose image is a rational normal curve R. This implies (ii) 
and (iii). □ 

Let t G G x :V be a sufficiently general point, where x, y are general in X. Then, by Lemma 
6.7, t is not in the linear space ( C ). Since G x , y is ruled by the family of curves R, we 
can also assume that C U R is a nodal curve with exactly two nodes in x and y. So far 
we have constructed a nodal curve 



such that 

(i) T has arithmetic genus g + 1 and degree r(m + g), 

(ii) dim ( V ) > dim ( C ) + 1 = r(m - 1) + g + 1. 

Lemma 6.9. 

(i) The curve T is smoothable in Ge, 

(ii) h^OrO)) = and h°{O r (l)) = r(m + g) - g. 

Let U r be the universal bundle on G e, we have also the vector bundle on T: 



Lemma 6.10. 

(i) The restriction map H°(U*) — > H°(F) is an isomorphism, 

(ii) h l (F) = and h°(F) = rm. 

Lemma 6.11. Let x±, . . . , x m be general points on C. Then h°{F{—x\ — ■ ■ ■ — x m )) = 0. 

Proof Let us recall that C = gE{X) and that E = U* Oc- Under the assumptions 
made at the beginning of this section, X is a general curve of genus g, (E, H°(E)) is 
a good pair admitting a Pliicker form. This implies that hP(E(—x\ — ■ ■ ■ — x m )) = 0, 
where x\,...,x m are general points on X. Notice also that F <S> Oc — E and that, by the 
previous lemma, the restriction map H°(F) — > H (E) is an isomorphism. . 

Letd := x^ Yx m and lets G H°(F (-<!)). Thens is zero on X because h°(E(-d)) = 0. 

In particular s is zero on {x, y} = C n R. Hence its restriction on R is a global section 
s\ R of O r (-x - y). But F ® Or(-x - y) is C P i(-l) er so that s\ = 0. Hence s is zero 




(12) 



r := CUR 



(13) 



f :=u;®o v . 



on Tand h°(F(-d)) = 0. 



□ 
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We are now able to complete the proof of Theorem 6.3, postponing the proofs of lemmas 
6.9 and 6.10. 

Completion of the proof of Theorem 6.3: 

We start from a curve r = C U R as above. Therefore the component C = gE{X) is 
the embedding in Ge of a curve X with general moduli and, by the previous lemma, 
there exists (xi, . . . , x m ) G C m such that h°(F(—xx — ■ ■ ■ — x m )) = 0. Now recall that, by 
lemma 6.9, the curve T is smoothable in Ge- This means that there exists a flat family 

{X t , t G T} 

of curves X t C Ge such that: (1) T is integral and smooth, (2) for a given o G T one has 
X D = T, (3) X t is smooth for t ^ o. Let 

E t -.= u;®o Xt . 

For i general we have b}{Et) = h l (F) = 0, by semicontinuity, and hence h°(E t ) = rm. 
For the same reason, the determinant map d t : A r H°(E t ) — > H°(Ox t (1)) has rank bigger 
or equal to the rank of d a : A r H°(F) — > H°(Or(l))- This is equivalent to say that 

dim (X t } > dim (T) > r(m - 1) + g + 1. 

Then, for t general, the pair (X t ,E t ) satisfies the statement of Theorem 6.3. 
To complete the proof of the theorem, it remains to show that E t is semistable for a general 
t. It is well known that E t is semistable if it admits theta divisor, see |B2]. This is 
equivalent to say that 

8 t := {N G Pic m (X<) | h°(E t ® N- 1 ) > 1} + Pic m (X 4 ), 

therefore E t is semistable if 

A := {(*!, . . . ,z m ) G X™ | h Q {Et{- Zl z m )) > 1} ^ Xf. 

To prove that Z?t / X™ for a general t, we fix in G e™ x 7" the family 

A := {fa, . . . ,z m ;t) G G £ m x T \ z u . . . ,z m G X t - Smg(X t ) }, 
which is integral and smooth over T. Then we consider its closed subset 

D:= {{zx,...,z m ;t)eA\h\u;®0 Xt {-zx z m )) > 1}. 

It suffices to show that D is proper, so that D t ^ X™ for a general t. Since £? = F, 
lemma 6.11 implies that D n X™ is proper. Indeed there exists a point (xx, ■ ■ ■ , z m ) £ 
C m C X^ so that x m )) = 0. Hence D is proper. □ 



Proof of Lemma 6.9. 

(i) We will put G := Ge- We recall that V is smoothable in G if there exists an integral 
variety X c G x T such that: 

(a) the projection p : X — s> T is flat, 

(b) for some o G T the fibre X Q is T, 

(c) ift G T — {o}, the fibre X t is smooth of genus g + 1. 
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To prove that T is smoothable we use a well known argument, see IS J or ||HH|| . Consider 
the natural map 4> : T G , r — > A/" r|G , where AC G is the normal bundle of T in G. The 
Cokernel of (j) is a sheaf Tg, supported on S := Sing(T). It is known as the T 1 -sheaf of 
Lichtenbaum-Schlessinger. Finally, fits into the following exact sequence induced by 
the inclusion T C G: 

o^T r ^T G|r 4jV r|G ->ri->o. 

Let A/"' be the image of in AC G . The condition h 1 (AT') = implies that T is smoothable 
in G, |S| prop. 1.6. To show that h l {M') = it is enough to show that /i 1 (7 G|r ) = 0, this 
is a standard argument following from the exact sequence 

-> % -> 7; |r -> A/"' 0. 

To prove that /i 1 (7^.| r ) = we use the Mayer- Vietoris exact sequence 

The associated long exact yields the restriction map 

p:H (T Glc )®H (T GlR )^H°(T Gls ). 
At first we show its surjectivity: it suffices to show that 

p:0eH°(T clR )^H°(T cls ) 

is surjective. Recall that S consists of two points x, y and that Tg = Os- Then, tensoring 
by T G , R the exact sequence 

-»• O r {-x -y)^O R ^O s ^0, 

the surjectivity of p follows if h l (T c ^ R (—x — y)) = 0. To prove this consider the standard 
Euler sequence defining the tangent bundle to G: 

o -> u r ® u; -> o G ® rm ®w;^r c ^o. 

Then restrict it to R and tensor by R {—x—y). The term in the middle of such a sequence 
is M := 0®f m (8) C P i(-l)® r . This just follows because U* ® Or ^ P i(l)® r . Since 
h l {M) = 0, it follows that h l (T G ^ R (—x — y)) = 0. Hence p is surjective. The surjectivity 
of p and the vanishing of /i 1 (7 G|H ) and ^(T^) clearly imply that ^. 1 (7^ |r ) = 0. Hence 
we are left to show that h}{T^ R ) = h x {T^ a ) = 0. Since T G{R OfT* C P i(l)® r , the 
former vanishing is immediate. To prove that /i 1 (7^.| C ) = the argument is similar. 
Restricting the above Euler sequence to C we obtain the exact sequence 

-> E* ® E -> E® rm -^T Glc ^ 0, 
since U*, c ~ £. Then /i 1 ^) = implies ^(T^c) = °- 

(ii) To prove /i 1 (Or(l)) = it suffices to consider the long exact sequence associated to 
the Mayer- Vietoris exact sequence 

-> O r (l) -»• Oc(l) © O r (1) -> 0^(1) -> 0. 

For degree reasons we have /i 1 (Oc , (l)) = = 0. Hence it suffices to show 

that the restriction H°(O c (l)) © H°(G R (1)) ->■ is surjective. This follows from the 
surjectivity of the restriction H (O R (l)) -> O^. □ 
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Proof of Lemma 6.10. 

Tensoring by F the standard Mayer- Vietoris exact sequence 

O r O c © O r -4 o X)W 
we have the exact sequence 

-> F 4B90 P i(lf -4 F®O x , y -> 0. 
Passing to the associated long exact sequence we obtain 

o 4 e F°(o P i(i) ffir ) 4 ® h\f) -> o 

Restricting p to iT°(£) © or #°(£> P i (l)® r ) we have the following maps 

PC : H°{E)->E x @E y , 

and 

PR : tf°(0 pl (lD P i,*(l) er © P i,,(l) er . 
These are the usual evaluation maps and we know they are surjective. It follows from 
the surjectivity of p and the above long exact sequece that h°(F) = rm = h°(U*) and 
^(F) = 0. Thus, to complete the proof, it suffices to show that H°(U*) -> H°(F) is 
injective. This is clear because the composition of maps H°(U*) —> H°(F) — > H°(E) is 
infective. □ 
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